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Abstract A Laguerre minimal surface is an immersed surface in being an extremal of the functional 
CN J {H'^/K — l)dA. In the present paper, we prove that the only ruled Laguerre minimal surfaces are up 

^ to isometry the surfaces Il{(p^ A) = {A(p, Bcp, dp + D cos 2(p) -\- X (sin (p, cos (f^ 0), where B^C, D e R 

Q are fixed. To achieve invariance under Laguerre transformations, we also derive all Laguerre minimal 

surfaces that are enveloped by a family of cones. The methodology is based on the isotropic model of 
Laguerre geometry. In this model a Laguerre minimal surface enveloped by a family of cones corresponds 
to a graph of a biharmonic function carrying a family of isotropic circles. We classify such functions by 
I— I showing that the top view of the family of circles is a pencil. 
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Fig. 1 A general L-minimal surface enveloped by a hyperbolic family of cones. For details refer to Definition 3 and 
Corollary 5. 

1 Introduction 

This is the third in a series of papers [19, 18] where we develop and study a novel approach to the Laguerre 
differential geometry of immersed Legendre surfaces in R^. Laguerre geometry is the Euclidean geometry 
of oriented planes and spheres. Besides Mobius and Lie geometry, it is one member of the three classical 
sphere geometries in [8]. 

After the seminal work [4] of Blaschke on this topic in the beginning of the 20th century, this classical 
topic has again found the interest of differential geometers. 

For instance, the celebrated work on discrete differential geometry by Bobenko and coworkers [7,6,5] 
heavily uses this theory in developing discrete counterparts to continuous definitions. 

On the practical side, recent research in architectural geometry identified certain classes of polyhedral 
surfaces, namely conical meshes [13,23] and meshes with edge offsets [21], as particularly suitable for the 
representation and fabrication of architectural freeform structures. These types of polyhedral surfaces are 
actually objects of Laguerre sphere geometry [6,13,21,20,28,18]. 

The aim is to study (discrete, see [18], and continuous, see [19]) minimizers of geometric energies which 
are invariant under Laguerre transformations. The simplest energy of this type has been introduced by 
Blaschke [2,3,4]. Using mean curvature Gaussian curvature and the surface area element dA of an 
immersion r : R^ ^ R^, it can be expressed as the surface integral 



Though the quantities A used for the definition are not objects of Laguerre geometry, the functional 

Q invariant under Laguerre transformations. An immersion r : R^ ^ R^ with ^ 0, which is an extremal 
of the energy Q with respect to compactly supported variations, is called a Laguerre-minimal {L-minimal) 
surface. A Euclidean minimal surface (besides a plane) is a particular case of such a surface. 




(1.1) 
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In 1842 Catalan proved that the only ruled Euclidean minimal surfaces are the plane and the helicoid. 
A surface is ruled^ if each point of the surface belongs to a line segment contained in the surface. One of 
the main purposes of this paper is to describe all ruled Laguerre minimal surfaces. 

The property of a surface to be ruled is not invariant under Laguerre transformations. A line in a 
surface may be taken to a cone or cylinder of revolution touching the image of the surface along a curve. 
Hence, we will also derive all Laguerre minimal surfaces which are enveloped by a family of cones; see 
Figure 1. In the following, when speaking of a cone, we will always assume this to be a cone of revolution, 
including the special cases of a rotational cylinder and a line. 

Our approach is based on a recent result [19] which shows that Laguerre minimal surfaces appear 
as graphs of biharmonic functions in the isotropic model of Laguerre geometry. This result has various 
corollaries on Laguerre minimal surfaces, geometric optics and linear elasticity. 

A Laguerre minimal surface enveloped by a family of cones corresponds to a graph of a biharmonic 
function carrying a family of isotropic circles. We classify such functions. In particular we show that 
besides a few exceptions the top view of such a family of isotropic circles must be a pencil. In the course 
of the proof of this result we also develop a new symmetry principle for biharmonic functions. 

1.1 Previous work 

Differential geometry in the three classical sphere geometries of Mobius, Laguerre and Lie, respectively, 
is the subject of Blaschke's third volume on differential geometry [4]. For a more modern treatment we 
refer to Cecil [8]. Here we focus on contributions to L-minimal surfaces. Many L-minimal surfaces are 
found in the work of Blaschke [2,3,4] and in papers by his student Konig [10,11]. 

Recently, this topic found again the interest of differential geometers. The stability of L-minimal sur- 
faces has been analyzed by Palmer [16]; he also showed that these surfaces are indeed local minimizers 
of (1.1). Li and Wang studied L-minimal surfaces using the Laguerre Gauss map and Weierstrass repre- 
sentation [12,29]. Musso and Nicolodi studied L-minimal surfaces by the method of moving frames [15]. 
L-minimal surfaces which are envelopes of a family of cones include as special cases the L-minimal canal 
surfaces described by Musso and Nicolodi [14]. 

1.2 Contributions 

Our main result is a description of all the L-minimal surfaces which are envelopes of an analytic family 
of cones of revolution. We show that for any such surface (besides a sphere and a parabolic cyclide) the 
family belongs to one of three simple types; see Definitions 2, 3, 4 and Corollary 2. For each type we 
represent the surface as a convolution of certain basic surfaces; see Examples 1-11 and Corollaries 4, 5, 6. 
As an application we show the following: 

Theorem 1 A ruled Laguerre minimal surface is up to isometry a piece of the surface 

R((/:?, A) = {A(p, B(p, Ccp + D cos 2(p) -\- X (sin cos (p, 0) , (1.2) 

for some A,B,C,D eR such that C'^ ^ D'^ ^ 0. 

In other words, a ruled L-minimal surface can be constructed as a superposition of a frequency 1 
rotating motion of a line in a plane, a frequency 2 "harmonic oscillation" between two lines parallel to 
the plane, and a constant-speed translation. Equivalently, a ruled L-minimal surface is a convolution of 
a helicoid, a cycloid, and the Pliicker conoid; see Examples 1-3 and Theorem 6 for accurate statement. 

One more result of the paper is a description of all the i-Willmore surfaces carrying an analytic family 
of i-circles; see Table 1 for definitions, and Corollary 1, Theorems 5, 8, 10 for the statements. 

1.3 Organization of the paper 

In §2 we give an introduction to isotropic and Laguerre geometries and translate the investigated problem 
to the language of isotropic geometry. This section does not contain new results. In §3 we state and prove 
the Pencil Theorem 4, which describes the possible families of cones. In §4 we describe the Laguerre 
minimal surfaces for each type of cone family T and prove Theorem 1. 
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2 Isotropic model of Laguerre geometry 

2.1 Isotropic geometry 

Isotropic geometry has been systematically developed by Strubecker [25,26,27] in the 1940s; a good 
overview of the many results is provided in the monograph by Sachs [24]. 

The isotropic space is the affine space equipped with the norm z)||^ := ^Jx^^^^y^ . The 

invariants of affine transformations preserving this norm are subject of isotropic geometry. 

The projection (x, y^ z) ^ (x, y^ 0) of isotropic space onto the x?/-plane is called top view. Basic objects 
of isotropic geometry and their definitions (from the point of view of Euclidean geometry in isotropic 
space) are given in the first two columns of Table 1; see also Figure 2. We return to the third column of 
the table further. 



Table 1 Basic objects of isotropic geometry as images of surfaces in the isotropic model of Laguerre geometry. 



Object 

of isotropic geometry 


Definition 


Corresponding surface 
in Laguerre geometry 


point 

non-isotropic line 
non-isotropic plane 
i-circle of elliptic type 
i-circle of parabolic type 
i-sphere of parabolic type 
i-paraboloid 

i-Willmore surface 


point in isotropic space 

line nonparallel to the 2:-axis 

plane nonparallel to the 2:-axis 

ellipse whose top view is a circle 

parabola with z-parallel axis 

paraboloid of revolution with 2;-parallel axis 

graph of a quadratic function z = F{x^ y) 

graph of a (multi- valued) biharmonic function 

z F{x,y) 


oriented plane 
cone 

oriented sphere 

cone 

cone 

oriented sphere 
parabolic cyclide 
or oriented sphere 
L-minimal surface 




Fig. 2 (Left) An i-circle of elliptic type is the intersection curve of a vertical round cylinder S and a non-isotropic plane 
P. When viewed from the top, the i-circle is a Euclidean circle. (Right) An i-circle of parabolic type is a parabola with 
z-parallel axis. This curve appears as the intersection curve of two i-spheres, Si and S2, of parabolic type with the same 
i-mean curvature. For more details refer to Table 1 and §2.1. 
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In isotropic space there exists a counterpart to Mobius geometry. One puts i-spheres of parabolic type 
and non-isotropic planes into the same class of isotropic Mobius spheres {i-M- spheres); they are given by 
the equation z = f (x^ -\- y'^) -\- bx -\- cy -\- d for some a, b^c^d G R. The coefficient a in this representation 
is called the i-mean curvature of the i-M-sphere. An intersection curve of two i-M-spheres is called an 
i-M- circle; it may be an i-circle of elliptic or parabolic type or a non-isotropic straight line. 

Similarly to Euclidean Mobius geometry, where an ideal point is added to R^, in isotropic Mobius 
geometry an ideal line £00 is added to R^. The resulting space R^ U^oo is called extended isotropic space. 
By definition, an i-M-sphere with i-mean curvature a intersects the ideal line at the point a e ioo- 

A map acting on R^ U ioo is called an isotropic Mobius (i-M) transformation^ if it takes i-M-spheres 
to i-M-spheres (and hence i-M-circles to i-M-circles). The top view of an i-M-transformation is a pla- 
nar Euclidean Mobius transformation. Basic i-M-transformations which together with the translation 
(x, y^z) (x + 1, z) generate the whole group of i-M-transformations are given in the first column of 
Table 2. Here is the counterclockwise rotation through an angle around the 2:-axis. 



Table 2 Basic isotropic Mobius transformations as images of Laguerre transformations in the isotropic model of Laguerre 
geometry. 



i-M-transformation 


Corresponding L-transformation 


{x,y,z) ^ R\x,y,z) 

(x, z) ^ (x, z + ax + by) 

(x, z) ^ (x, z + x^ + — 1) 

{x,y,z) ^ {x,y,z^h) 

{x,y,z) ^ {x,y,az) 

{x,y,z) ^ {x,y,z)/{x^ ^y^) 

{x,y,z) ^ {x,y,z)/V2 


rotation 

translation by vector (a, 6, 0) 

translation by vector (0, 0, 1) 

h-oSset operation 

homothety with coefficient a 

reflection with respect to the plane z = 

transformation A 



2.2 Laguerre Geometry 

A contact element is a pair (r^P), where r is a point in R^, and P is an oriented plane passing through 
the point r. Denote by /STR^ the space of all contact elements. 

To an immersed oriented surface ^ in R^ assign the set of all the contact elements (r, P) G STM.^ such 
that r e ^ and P is the oriented tangent plane to ^ at the point r. We get a Legendre surface^ i. e., the 
image of an immersion (r,P) : R2 ^ STR^ such that dr{u,v) \\ P{u,v). Further we do not distinguish 
between an immersed surface in R^ and the corresponding Legendre surface, if no confusion arises. 

An example of a Legendre surface not obtained from an immersed one is a point, or a sphere of radius 
0, which is the set of all the contact elements (r, P) such that r = ro is fixed and P 3 ro is arbitrary. 

A Laguerre transformation (L-transformation) is a bijective map STR^ STR^ taking oriented 
planes to oriented planes and oriented spheres (possibly of radius 0) to oriented spheres (possibly of 
radius 0). The invariants of Laguerre transformations are the subject of Laguerre geometry [4,8]. 

Note that an L-transformation does not in general preserve points, since those are seen as spheres of 
radius and may be mapped to other spheres. A simple example of an L-transformation is the h-offset 
operation, translating a contact element (r, P) by the vector hn, where n is the positive unit normal 
vector to the oriented plane P. 

A Laguerre transformation is uniquely defined by its action on the set of oriented planes. A Hesse 
normal form of an oriented plane P is the equation riix -\- n2y -\- n^z -\- h = of the plane such that 
(ni,n2,n3) is the positive unit normal vector to the oriented plane. 

Consider the Laguerre transformation A taking an oriented plane in the Hesse normal form nix -\- 
n2y -\- nsz -\- h = to the oriented plane riix -\- n2y -\- ^ {3ns -\-l)z-\-h = with obvious orientation. Denote 
by f (li, v) the surface obtained from a surface t{u, v) by the transformation and parametrized so that the 
tangent planes to the surfaces f (li, v) and t{u, v) are parallel at points having the same parameters u and 
V. This notation is convenient in our classification results which follow. 

Similarly, denote by t^{u,v) the surface obtained from a surface t{u,v) by the rotation R^ and 
parametrized so that the tangent planes to the surfaces t^{u, v) and t{u, v) are parallel for each {u, v) G R^. 
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More examples of Laguerre transformations are given in the second column of Table 2. 

For a pair of parallel oriented planes Pi and P2 in Hesse normal forms nix -\- n2y -\- nsz -\- hi = 
and nix + n2y + n^z + /12 = 0, denote by aiPi a2P2 the plane in Hesse normal form riix + n2y + 
nsz -\- aihi + a2h2 = 0. Define a convolution surface ai^i a2^2 of two Legendre surfaces and ^2 to 
be the Legendre surface formed by the contact elements of the form (airi + a2r2,aiPi a2P2), where 
i'^i^Pi) ^ ^1 and (r2,P2) ^ ^2 run through all the pairs of contact elements with Pi parallel to P2. 



2.3 Isotropic model of Laguerre geometry 

To each oriented plane in the Hesse normal form riiX + n2y + n^z + = 0, with 77,3 7^ —1 assign the point 

(ni,n2,/i) (2.1) 



of the isotropic space. To an oriented plane in the Hesse normal form —z-\-h = assign the ideal point 
h G ioo' This induces a map from the space ^TR^ to the extended isotropic space U £00 - The map 
provides the isotropic model of Laguerre geometry. For a more geometric definition see [22] . 

A nondevelopable surface ^ viewed as set of oriented tangent planes is mapped to a surface in the 
isotropic model. Conversely, the surface ^ can be reconstructed given the surface 

Proposition 1 cf. [19, Corollary 2] Let ^ he a nondevelopable immersed surface. Suppose that is a 
graph of multi-valued function z = P(x, y). Then the surface ^ can he parametrized as follows: 

^ / {x'^ -y'^ - 1)F^ + 2xyFy - 2xF \ 

r(x, y) = {y^ - x^ - l)Fy + 2xyF, - 2yF . (2.2) 

^ ^ ^ ^ V 2xP, + 2^P^ - 2P / 



As examples, consider the pairs of surfaces <L>^ and <L> given in the last two columns of Table 1. 

An oriented sphere with center (mi, 7712,7713) and radius R is mapped to the isotropic Mobius sphere 

z= [X -^y )-mix-m2y^ . (2.3) 

A cone viewed as the common tangent planes of two oriented spheres is mapped to the common points 
of two i-M-spheres (= i-M-circle) in the isotropic model. In particular, a line is mapped to an i-M-circle 
of the form 

j z = ms{x'^ + - 1) - mix - m2y, . . 

I z = ns[x -\- y — 1) — nix — n2y. 

This leads to the following key observation; see Figure 3: 

Proposition 2 Let ^ he a nondevelopahle immersed surface. The surface ^ is enveloped hy a family of 
cones if and only if the surface is the union of a family of i-M- circles. 

Theorem 2 [19, Theorem 1] Let ^ he a nondevelopahle immersed surface. The surface <P is Laguerre 
minimal if and only if the surface <L>^ is a graph of a multi-valued hiharmonic function z = F{x^ y), i. e., 
a function satisfying the equation A{A{F)) = 0. 

Convolution surface ai^^i a2^2 corresponds in the isotropic model to the linear combination of the 
two multi- valued functions whose graphs are <L>\ and <L>2' Thus a convolution surface of two L-minimal 
surfaces is L-minimal [19, Corollary 3]. 

L-transformations correspond to i-M-transformations in the isotropic model and vice versa. Some 
examples are given in Table 2. Invariance of L-minimal surfaces under L-transformations is translated in 
the isotropic model as follows: 

Theorem 3 [19, Theorem 1] Suppose that F is a graph of a function hiharmonic in a region U C M? 
and m : U £00 ^ ^ £-00 ^-^ an isotropic Mohius transformation. Then m{F) is a graph of a function 
hiharmonic in the top view of m{U x R) — -^oo- 



Fig. 3 The L-minimal surface arising as the envelope of a family of cones; see Example 5 for the details. 



Plan of the proof of Theorem 7 To a ruled L-minimal surface there corresponds an i-Willmore surface 
containing a family of i-M-circles in the isotropic model. 

First we show that the top view of the family of i-M-circles is a pencil. In other words, all the rulings 
of the L-minimal surface are parallel to one plane. 

Then by appropriate choice of coordinates we transform the pencil into a pencil of lines. In the latter 
case we describe all possible i-Willmore surfaces by solving the biharmonic equation explicitly. 

Returning to the Euclidean model we get a description of all ruled L-minimal surfaces. 

3 Biharmonic functions carrying a family of i-circles 

3.1 Statement of the Pencil theorem 

In this section we show that the top view of a family of i-M circles contained in a graph of a biharmonic 
function (besides a few exceptions) is a pencil^ i. e., a set of circles orthogonal to two fixed ones. This 
implies that the rulings of a ruled L-minimal surface are parallel to one plane. Denote by / = [0; 1]. 

Theorem 4 (Pencil theorem) Let F(x, y) be a biharmonic function in a region U cM?. Let St, t e I, 
be an analytic family of circles in the plane. Suppose that for each t e I we have St CiU 7^ and the 
restriction F \stnu cl restriction of a linear function. Then either St, t G I, is a pencil of circles or 

y) = .4((. -ar + (y-,fn '''^ ~ ^."^^^ + (7-^ ''''' ^ ^'^ <'^'' 

for some a, 6, c, A, B^C^D G M. 

The exceptional function (3.1) has the following property: there is a 2-parametric family of circles St, 
t G such that for each t ^ P the restriction F\stnu is a restriction of a linear function. 

Plan of the proof of Pencil Theorem 4- We say that two circles cross each other if their intersection 
consists of 2 points. Assume that the family of circles is not a pencil. Then it contains a subfamily of one 
of the following types: 

(1) the circles 5'^, t G /, pairwise cross but do not pass through one point; 

(2) the circles St, t e I, have a common point O; 

(3) the circles St, t e I, are nested. 
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First we prove the theorem in case when the region U is sufficiently large, i. e.^ U [j St^ U D 
\JSt- {0} and U = R'^ for types (1), (2) and (3), respectively. 

Then we reduce the theorem to the latter case by a biharmonic continuation of the function F; see 
Figure 4. The continuation is in 2 steps. 

In the first step we extend the function F along the circles St until we reach the envelope of the 
family of circles (if the envelope is nonempty). This is done easily for arbitrary real analytic function F. 
The main difficulty is that extending F along the circles beyond the envelope may lead to a multi- valued 
function. 

In the second step we extend the function F across the circles St to make the region U sufficiently 
large keeping the function single- valued. This is done using a new symmetry principle for biharmonic 
functions. 




E-Eo 



Fig. 4 Biharmonic continuation of a function F whose restriction to an arc of each circle St, t ^ I, is hnear. First we 
extend F along the circles to the white region bounded by certain arcs Rq C Sq, Rr C Sr and two pieces of the envelope E. 
Then we extend F across the circles to a neighborhood of the piece Eq of the envelope, using reflection of the gray region 
Vp with respect a circle Sp. For details refer to Lemma 7 and its proof. 



3.2 Three typical cases 

First let us prove Theorem 4 in three typical particular cases treated in Lemmas 1, 2 and 3 for "sufficiently 
large" sets U. 

Lemma 1 (Crossing circles) Let St, t G I, be a family of pairwise crossing circles in the plane distinct 
from a pencil of circles. Let F be an arbitrary function defined in the set U = [Jtei '^i' ^^PPOse that for 
each t e I the restriction F\st is a restriction of a linear function. Then F = A{{x — a)'^ -\- {y — b)'^) -\- B 
for some a, b^A^Be M. 

Proof Denote by It the linear function F\st . Let = be the normalized equation of the circle St^ i. e., 
St = x'^ -\- y'^ -\- . . . and si \si = 0. For any pair s^t e I both differences St — Ss and It — h are linear 
functions vanishing on Ss r] St. Thus It — Is = kst{st — Ss) for some number kst- 

Since the family St is not a pencil it follows that there are 3 circles ^i, 5'2, Ss in the family such that 
the functions Si, S2, 53 are linearly independent. Let us show that F = ki2Si + li. 

Indeed, in the circle Si we have F = li = ki2Si + h because si\s-^^ = 0. In the circle 5*2 we have 
F = I2 = ki2S2 + ^2 = ^1251 + h by definition of the number ki2. 

Consider the circle Ss. We have /C23 = ksi — ki2 because otherwise ki2{si — ^2) + k2s{s2 — ^s) -\- 
ksi{ss — si) = {h — I2) + (^2 — ^3) + (^3 — /i) = is a nontrivial linear combination of 5i, S2, S3. Thus in 
the circle Ss we have F = Is = kisss -\- Is = ^i3<§i + ^1 = ^12<§1 + ^i- 

Finally, take any circle St- We can replace one of the functions 51,^2,53 by St to get still a linearly 
independent triple. Repeating the argument from the previous paragraph we get F = ki2Si -\- h in St- 
Thus F = ki2Si + li in the whole set U. □ 
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Lemma 2 (Circles with a common point) Let St, t G I, be a family of pairwise crossing circles in 
the plane passing through the origin O. Assume that no three circles of the family belong to one pencil. 
Let F be an arbitrary function defined in the set U = [j^^j St — {O}. Suppose that for each t G I the 
restriction F \s^-{o} a restriction of a linear function. Then 

F x, y) = A{{x - ^ {y - hf) + ^-^^ ^ 

for some a, 6, A, B,C,D e R. 

Proof Perform the transformation (x, y, z) ^ (x, z)/{x'^ + y'^). Then the family of circles St transforms 
to a family of lines Lt. By the assumptions of the lemma any two of the lines Lt intersect each other but 
no three of the lines Lt pass through one point. The graph of the function F transforms to a graph of a 
function G defined in V = IJ^g/ -^^^ each t G / the restriction G |Lt is a quadratic function. 

Take three lines ^1,^2,^3 from the family. Let h^h^h be nonzero linear functions vanishing in the 
lines ^1,^2,^3, respectively. Let / be a linear function such that / = F in the points LinL2, L2nL3, L3nLi. 
Since G \li is quadratic and G — / = in the points Li nL2 and Li DLs it follows that G \li = ^^23^2^3 + ^ 
for some number /C23. Analogously, G\l2 = ksihh + / and G\ls = ^i2hh + ^ for some numbers ki2 
and k^i. 

Let us prove that G = /C12/1/2 + ^23^2^3 + k^ihh + 1 in the whole set V . Indeed, consider the difference 
H = /ci2^i^2 + fe3^2^3 + ksihh -\- 1 — G. Then H = 0, H = 0^ H =0 by the above. Take a 
line Lt distinct from ^1,^2,^3. Then H \ is a quadratic function. On the other hand, H{Lt D Li) = 
H{Lt n L2) = H{Lt n L3) = 0. Since the points Lt fl Li, Lt fl L2, Ft fl L3 are pairwise distinct it follows 
that H = 0. So the function H vanishes in each line Lt. Thus JL = in the set V. 

We have proved that G is a polynomial of degree not greater than 2. Performing the inverse transfor- 
mation (x, y^ z) ^ (x, y^ z)l{x? + y^) we obtain the required formula for the function F. □ 

Lemma 3 (Nested circles) Let S\ and S2 be the pair of circles x'^ -\- y'^ = 1 and x'^ -\- y'^ = 2. Let F 

be a function biharmonic in the whole plane M? . Suppose that for each t = 1, 2 the restriction F\st is a 
restriction of a linear function. Then 

F(x, y) = (x^ + y'^){Ax ^By^C)^ax^by^c 

for some a, 6, c, A^ B^C G M. 

The function F{x^y) = (x^ + y'^) log(x^ + y'^) extended by F(0,0) = might seem to be a counter- 
example to this lemma but in fact it is not: d'^F/dx'^ is discontinuous at the origin. 

Proof By Proposition 5 below it follows that there are functions 1^1,1^2, harmonic in R^, such that F = 
(x^ -\- y'^ — 2)ui + U2. Then F = (x^ -\- y'^ — 2)us + {x'^ -\- y'^ — l)u2, where the function us = Ui — U2 is 
also harmonic in M?. Since U2 is harmonic in the whole plane and the restriction 2x2 1 52 = ^|5'2 
linear it follows by uniqueness theorem that the function U2 itself is linear. Analogously us is linear and 
the lemma follows. □ 

Proposition 3 Let F(x, y) = (x^ + y'^){Ax By ^ C) ^ ax ^ by ^ c, where A^ ^ B'^ ^ 0. Suppose that 
the restriction of the function F to a circle S (ZM? is linear. Then the center of the circle S is the origin. 

Proof It suffices to consider the case when a = 6 = c = G = 0. Let + + + + r = be the 
equation of S. If the restriction F is linear then 5 is a projection of (a part of) the intersection of the 
surface z = F{x^y) and a plane z = ax -\- Py -\- j. Thus there exist numbers k^l^m such that 



We get 



(x^ + y'^){Ax + By) — {ax + + 7) = {kx -\- ly -\- m){x^ -\- y'^ -\- px -\- qy -\- r) . 



k = A^ I = B^ p/c + m = 0, (7/ + m = 0, pi -\- qk = 0. 



Thus p = —An, q = Bn, m = A^n = —B'^n for some n G R. Since + 5^ / it follows that n = 0. So 
S is the circle x^ + + r = 0. □ 
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3.3 Biharmonic continuation 

We are going to reduce Theorem 4 to Lemmas 1, 2 and 3 by "biharmonic continuation" of the function 
F. We say that a function F biharmonic in a region U extends to a function G biharmonic in a region V 
if there is an open set D C U DV such that F = G in D. Notice that F can be distinct from G inU OV 
if the latter set is disconnected. 

Proposition 4 (Uniqueness of a continuation) // two functions biharmonic in a region V C 
coincide in a region U CV then these functions coincide in the region V. 

Proof Let F, G be functions such that A^F = A^G = in F and F = G in [/. Then A{F - G) is 
harmonic in V and vanishes in U . Thus Z\(F — G) = in Hence F — G is harmonic in V and vanishes 
in U. Thus F - G = in V. □ 

Lemma 4 (Continuation along circles) Let F : U -^M be a biharmonic function defined in a region 
[/ C M^. Let St, t e I, be an analytic family of circles in the plane containing at least two distinct ones. 
Suppose that for each t G I we have St r\U 7^ and the restriction F Is^nu cl restriction of a linear 
function. Then for some segment J = [g, r] C / the function F extends to a function biharmonic in a 
region bounded by certain arcs of the circles Sq, Sr and possibly two pieces of the envelope of the family 
St, t e J. 

Proof The idea of the proof is to extend the function hnearly along the circles until we reach the envelope. 
The obtained function will be a real analytic continuation of the initial function and hence it will be 
biharmonic. 

Let E be the envelope of the family St^ t e L For fixed t e I and a small e > a local piece of the 
envelope E is the envelope of the family 5^-, r G — e, t + e]. The envelope or its local piece can be empty. 

Each circle St touches (each local piece of) the envelope E at most at 2 points, depending on the 
arrangement of the circles sufficiently close to St. Let Rt C St be one of the open arcs joining the touching 
points of the circle St and (each local piece of) the envelope E. Let Rt be one of the sets St — Ot or 
(respectively, Rt = St or 0), if there is a unique such touching point Ot (respectively, no such touching 
points). Choose the arcs Rt so that they form a continuous family. 

One can assume that for each t in a segment Ji C / we have RtCiU ^0. Indeed, if RtCiU ^0 for at 
least one t G / then the same condition holds in a neighborhood Ji of t. Otherwise replace each Rt by 
St — Rt and repeat the argument. 

There is a segment [q^ r] = J C Ji such that the arcs Rt^ t G are pairwise disjoint. Indeed, if F = 
then one can take J = Ji. If a local piece of the envelope F is a pair of smooth curves then one can 
approximate the family 5*^, t G /, by a family of circles touching a pair of lines and get the required 
segment J. If a piece of the envelope degenerates to a point then one can find a segment J analogously. 

So V = UtGJ is a region bounded by arcs Rq, Rr and possibly two pieces of the envelope F. 

By the assumption of the lemma the restriction F Iji^nu is the restriction of a linear function for each 
t e J. Extend the function F linearly to each arc Rt. We get a function defined in the whole region V. 
It remains to prove that the obtained function is biharmonic in V. 

Let us show that F is real analytic in V. Parametrize the arc Rt by the functions x(t.,(j)) = x^it) + 
r(t)cos0, y{t^(j)) = yo{t) -\- r{t) sin (j). Consider (t, ^) as coordinates in V. Since the family St is analytic 
it follows that these coordinates are analytic. Without loss of generality assume [q^r] x [a, /3] C U 
for some Qf,/3 G [— 7r,7r]. Then F{t^(j)) is real analytic in [q^r] x By the construction F{t^(j)) = 

a{t) COS0 + b{t) sin^ + c{t) in the region V for some functions a(t), 6(t), c{t). Thus a(t), 6(t), c{t) are real 
analytic in [q^r]. Hence F is real analytic in the whole region V. 

Then the function A^F is also real analytic in the region V and vanishes in the open set U CiV. By 
the uniqueness theorem for analytic functions it follows that A^F = in the whole region i. e., F is 
biharmonic in V. □ 

To extend the function F further we need the following preparations. 

Proposition 5 (Representation) [1] Lets{x^y) = x'^-\-y'^-\-ax-\-by-\-c. Then any function F biharmonic 
in a simply- connected region U C M? can be represented as F = sui + U2 for some functions Ui^U2 
harmonic in U . 
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Proposition 6 (Arc extension) Let S C R be a pair of circular arcs. Let F be a biharmonic function 
defined in a neighborhood of the arc R. Suppose that F \s is a restriction of a linear function. Then F \ ji 
is the restriction of the same linear function. 

Proof Let / be the linear function F\s . Let s{x,y) = Ohe the normahzed equation of the circle containing 
the arc S. By Proposition 5 we have F — l = sui-\-U2 for some functions i^i, U2 harmonic in a neighborhood 
U of the arc R. Then U2\s = {F — I) \s =0. By the symmetry principle for harmonic functions it follows 
that U2{x^y) = —U2{x'^y') for any pair of points {x'^y') G U symmetric with respect to the circle 

y) = 0. In particular, U2\r =0. Thus F \ji = I. □ 

Now we are going to give a version of a symmetry principle for biharmonic functions. The usual 
symmetry principle [17,9] is not applicable in our situation because we have no information on the 
growth of the function in the normal directions to the circles. 

We use the following notation. Let Ss and St be a pair of circles. Denote by Ot the center of the 
circle St and by : — {Ot} ^ — {Ot} the reflection with respect to the circle St. Let rt{U) be a 
shorthand for rt{U — {Ot}). Denote by Est the limit set of the pencil of circles passing through Ss and 
St, i. e., Est = {x eM? : rs{x) = rt{x) }. If Ss St then the limit set consists of at most 2 points. 

The following technical definition is required to keep the function single- valued during the continuation 
process with our symmetry principle. 

Definition 1 (Nicely arranged region) A region U C is nicely arranged with respect to two circles 
Si and 6*2 , if the set U D ri{U) H r2{U) — E12 has a connected component D such that Si D D ^ 9 and 

S2nD^(D. 

Notice that an arbitrary region is nicely arranged with respect to any pair of sufficiently close circles 
intersecting the region. 

Lemma 5 (Double symmetry principle) Let F be a function biharmonic in a simply- connected 
region U cM? nicely arranged with respect to a pair of circles Si ^ S2. Suppose that for each t = 1, 2 the 
restriction F \stnu is a restriction of a linear function. Then F extends to a function biharmonic in the 
open set ri{U) fl r2{U) — E12. 

Proof Let It be the linear function F\st for t = 1,2. Without loss of generality assume that Si is the 
unit circle x^ -\- y^ = 1. By Proposition 5 it follows that F = (x^ -\- y"^ — l)u2 -\- ui -\- li for some functions 
ui and U2 harmonic in U. 

Take functions i^i{z) and z^2(^) complex analytic in U such that Ut = ^t{z) + ^t{z) for t = 1,2. Since 
U is simply-connected it follows that i'i{z) and i'2{z) are single- valued. Let Ai(2:) and \2{z) be linear 
functions such that It = At(^) + At(^) for t = 1, 2. For t = 1, 2 represent the refiection with respect to the 
circle St as a map z ^ pt{z) for a fractional linear function pt{z). 

Let us extend the function ui to the open set ri{U). (What we do is the usual symmetry principle.) 
Let D be the open set from Definition 1. For each z e Si we have z = pi{z). Thus the condition F\s^ = h 
is equivalent to 

vi{z) = -vi{pi{z)) (3.2) 

for each z ^ Sl{~^ D. Both sides of formula (3.2) are complex analytic functions in D. By the uniqueness 
theorem it follows that these functions coincide in D. Thus formula (3.2) defines an extension of the 
function i'i{z) to the open set riiU). So ui = i'i{z) + ^i(^) is the required extension of the function ui. 

Let us extend the function U2 to the open set ri{U){^r2{U) — E12. For each z G 6*2 we have z = p2{z). 
For each z e D formula (3.2) holds by the previous paragraph. Thus for each z e S2 D the condition 
^152 = ^2 is equivalent to the condition 



Mpli^)) - MP2{z)) - Xl{z) - Xl{p2{z)) + X2{z) + X2{P2{Z)) 



ZP2[Z) - 1 

Since both sides of formula (3.3) are complex analytic functions in D it follows that these functions 
coincide in D.lf z e ri{U)nr2{U) then pi(^), P2{z) G U. Thus the right-hand side of formula (3.3) defines 
a function complex analytic in ri{U) fl r2{U) — E12 because the denominator may vanish only in E12. 
Extend the function i'2{z) to the open set rl(U)f^r2{U) — E12 by formula (3.3). Then U2{z) = i'2{z)^V2{z) 
is the required extension of the function U2. 

Since both functions Ui and U2 extend to ri{U){^r2{U) — E12 it follows that F = {x'^ -\-y'^ — l)u2-\-ui-\-li 
also extends to ri{U) D r2{U) — E12. □ 
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Lemma 6 (Continuation across nested circles) Let St, t ^ I , he a family of nested circles in the 
plane distinct from a pencil of circles. Let F : U be a function biharmonic in the ring U between Sq 
and Si. Suppose that for each t G I the restriction F \stnu is a restriction of a linear function. Then the 
function F extends to a function biharmonic in the whole plane . 

Proof The idea of the proof is to extend the function, using the double symmetry principle, to the ring 
between ro(5'i) and Si^ then to the ring between ro(5'i) and riro(5'i), and so on. 

Take any pair of circles St and Sg^ where s^t e I are sufficiently close to 0. Draw disjoint slits T and T' 
such that the regions U — T and U — T' are simply-connected. By Lemma 5 the function F extends to both 
rt{U -T)nrs{U- T) and rt{U - T') nrs{U - T'). Thus it extends to a (possibly multi- valued) function 
biharmonic in the ring rtiU) fl rs{U) U U. The latter function is single- valued because a continuation 
along the closed path leads to the initial value. Approaching t, 5 ^ one can extend the function F 
to the ring between the circles ro(5'i) and ^i. Now approaching t^s ^ 1 one can extend the function F 
to the larger ring between the circles ro{Si) and riro{Si). Continuing this process one extends F to a 
function biharmonic in M? except the limit set Eqi of the pencil of circles passing through So and Si. 

Since St, t e is not a pencil of circles it follows that Eop fl Eqi = for some p e L Repeating 
the above reflection process for the pair of circles 5*0 and Sp one extends the function F to a function 
biharmonic in the whole plane M?. □ 

Lemma 7 (Continuation across crossing circles) Let St, t G I, be an analytic family of pairwise 
crossing circles in the plane distinct from a pencil. Let F : U ^ M be a function biharmonic in a region 
U C . Suppose that for each t G I we have St Ci U 7^ and the restriction F is a restriction of 
a linear function. Then for some segment J C I the function F extends to a function biharmonic in a 
neighborhood of[j^^jSt possibly except a common point of all the circles St- 

Proof The idea of the proof is to extend the function ffist along the circles until we reach the envelope E 
of the family, then by the double symmetry principle — to a neighborhood of the envelope, and finally 
— along the circles beyond the envelope; see Figure 4. 

By Lemma 4 it follows that F extends to a region bounded by certain arcs of the circles Sq and Sr 
and two pieces of the envelope E for some q^r e L Since the family St, t e [q, r], is not a pencil it follows 
that at least one component Eq of the envelope E does not degenerate to a point. 

Let us extend the function F to a neighborhood of the curve Eq. Use the notation from the proof of 
Lemma 4. Take p G [q, r] such that the curve Eq is smooth at the point RpHEo. (Then in a neighborhood 
of the the point Rp fl Eq the family Rt, t G [p — e,p + e], is isotopic to a family of arcs tangent to one 
line.) Let Vp be the intersection of the open disc bounded by the circle Sp and an open disc of centered 
at Rpf] Eq. Clearly, if the latter disc is sufficiently small then Vp C U. Without loss of generality assume 
that Rt nVp = ^ for each t G [p — and RtCiVp 9 for each t G + e], where e > is small enough. 

Take a pair of circles St and Ss, where s^t G + e]. By Lemma 5 the function F extends to the 
region rt{Vp) nrs{Vp) — Ust- Approaching t^s ^ p one extends the function F to the region rp{Vp), and 
hence to a neighborhood of the point Rpf] Eq. So F extends to a neighborhood V of the curve Eq. 

A consequence of this extension is that F\stnv is linear for each t e I, because each intersection 

n y is connected and Proposition 6 can be applied. 

Let us extend the function F along the arcs St — Rt- Choose U' C U and P C I so that Rt nlP = ^1) 
and St — Rt^U' ^ ^ for each t e P. Applying Lemma 4 to the region and the family St, t e P , we 
extend the function F to a region bounded by Sq' — Rq' , Sr' — Rr' and certain pieces of the envelope E 
for some p' ^q' G P . Take a segment J strictly inside [q' ,r']. Then the function F extends to a (possibly 
multi- valued) function biharmonic in a neighborhood of |J^^j6't possibly except a common point of all 
the circles St, t G J. The latter function is single- valued because a continuation along any closed path 
St, t G leads to the initial value. □ 

3.4 Proof and corollaries of the Pencil Theorem 

Proof (of Theorem 4) Assume that St, t G is not a pencil of circles. Clearly, there is a segment J C I 
such that one of the following conditions hold: 

(1) the circles St, t e J, pairwise cross but do not pass through one point; 

(2) the circles St, t e J, have a common point O but no three circles St, t e J, belong to one pencil; 
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(3) the circles St^ t G are nested. 

Consider each case separately. 

Case (1). By Lemma 7 the function F extends to a function biharmonic in a neighborhood of the set 
UteJi '^^ some segment Ji C J. By Proposition 6 for each t e Ji the restriction F\st is linear. Then 
by Lemma 1 case (1) follows. 

Case (2). Analogously to the previous paragraph case (2) follows from Lemmas 7, 2 and Proposition 6. 

Case (3). By Lemma 4 it follows that the function F extends to the ring between a pair of circles 
from the family. By Theorem 3 we may assume that these two circles are ^ = 1 and ^ y'^ = 2. 
Then by Lemma 6 the function F extends to the whole plane R^. Thus case (3) follows from Lemma 3 
and Proposition 3. □ 

The following corollaries of Theorem 4 are straightforward; see Table 1. 

Corollary 1 Let he an i-Willmore surface carrying an analytic family of i-M- circles. Then either 
the surface is i-M- equivalent to an i-paraboloid or the top view of the family is a pencil of circles 
or lines. 

Corollary 2 Let ^ he an L-minimal surface enveloped by an analytic family T of cones. Then either the 
surface ^ is a parabolic cyclide or a sphere, or the Gaussian spherical image of the family T is a pencil 
of circles in the unit sphere. 

Corollary 3 A ruled L-minimal surface is a Catalan surface, i. e., contains a family of line segments 
parallel to one plane. 

Proof (of Corollary 3) Let be a ruled L-minimal surface. It suffices to prove that the family of lines 
contained in ^ is analytic; then by Corollary 2 the result follows. Since ^ is L-minimal by Theorem 2 
and Proposition 1 it follows that ^ itself is analytic. Since ^ is ruled it follows that for each point r G ^ 
there is a line C ^. Since the direction of the line Lr is an asymptotic direction of the surface ^ at 
the point r it follows that the family of lines contained in ^ is analytic. □ 

Remark 1 Theorem 4 does not remain true for biharmonic functions ^ C. For instance, for the 
function y) = (x^ + + iy) there is a 2-parametric family of circles St, t e such that for each 
t G P the restriction F \st is a restriction of a linear function. 

Remark 2 Theorem 4 does not remain true for real analytic functions R. For instance, the restriction 

of the function y) = {x^ + y^Y^ — x'^ -\- 1 to each circle of the family x'^ -\- y'^ — tx — \/t^ — \ = is 
a restriction of a linear function. 

Remark 3 The proof of Theorem 4 is simpler in the generic case when the biharmonic function F extends 
to a (possibly multi-valued) function in the whole plane except a discrete subset U. For instance, to prove 
Lemma 7 in this case it suffices to take a segment J C I such that 6*^ fl i7 = for each t e J. 

4 Classification of L-minimal surfaces enveloped by a family of cones 

4.1 Elliptic families of cones 

The results of the previous section give enough information to describe all the L-minimal surfaces en- 
veloped by a family of cones, in particular, ruled L-minimal surfaces. We have got to know that either 
the top view of a family of i-M-circles in an i-Willmore is a pencil or the surface contains another family 
of i-circles with top view being a pencil. Let us consider separately each possible type of the pencil. 

Definition 2 An elliptic pencil of circles in the plane (or in a sphere) is the set of all the circles passing 
through two fixed distinct points. A 1-parametric family of cones (possibly degenerating to cylinders or 
lines) in space is elliptic if the Gaussian spherical images of the cones form an elliptic pencil of circles in 
the unit sphere. 

Denote by Arctan x = { arctan x nk : A: G Z } the multi- valued inverse of the tangent function. 
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Theorem 5 Let be an i-Willmore surface carrying a family of i-M- circles. Suppose that the top view 
of the family is an elliptic pencil of circles. Then the surface is i-M- equivalent to a piece of the surface 



/ / 2 2\ \ A y ^ly^ + b2xy 2 
z = [ai{x + ^ ) + a2X + as) Arctan - H ^— — h ciy 



I -ly I C2xy 

X x-^y^ 



for some ai, a2, as, 6i, 62, ci, C2 G : 



Proof (of Theorem 5) Perform an i-M-transformation taking the ehiptic pencil of circles in the top view 
to the pencil of lines y = tx^ where t runs through a segment J C M. Denote by z = F{x^y) the surface 
obtained from the surface by the transformation, where F is a biharmonic function defined in a region 
U cM?. Assume without loss of generality that (0,0) U and F is single- valued in U. Since an i-M- 
transformation takes i-M-circles to i-M-circles it follows that the restriction of the function F to (an 
appropriate segment of) each line y = tx^ where t G J, is a quadratic function. 

Proposition 7 Let F{x^ y) he a biharmonic function in a region U (ZM? - {(0,0)}. Suppose that the 
restriction of the function F to the intersection of each line y = tx, where t e J, with the region U is a 
quadratic function. Then 

F(x^ y) — (ai(x^ + y^^ + a2X + as + a4?/) arctan — + 

X 

hxy^ + h2xy + h^x^ ^ 2 , . , . //, o^ 

H ^ — 7. Vcxy ^C2xy^csx + dix + ^2^ (4.2) 

x^ + y^ 

for some ai, a2, as, a4, 61, 62, ^3, ci, C2, C3, (ii, ^2 G M. 

Proof Consider the polar coordinates in U. Restrict the function F to a subregion of the form (ri,r2) x 
{(t^ii(t^2) C U. Then F{r^(j)) = a{(j))r'^ + b{(j))r + c{(j)) in the region (ri,r2) x (^1,^2) for some smooth 
functions a(0), 6(^), c(0). Thus r^A^F = (4a'' + a^^^) r^^ (6 + 26'' + b^^^) r+ (4c" + c^^^). Since A^F = 
it follows that the coefficients of this polynomial in r vanish. Solving the obtained ordinary differential 
equations we get: 

a{(j)) = ai -\- ^20 + 0^3 cos 2(j) + sin 20; 

b{(j)) = Pi cos (j) -\- P2 sin (j) + /^a^ cos (j) + P^cj) sin 0; 

c((/)) =71+ 72(/) + 73 COS 2(/) + 74 sin 2(/), 

for some Q^i, . . . , 0^4, . . . , /34, 71, . . . , 74 G M. Returning to the initial cartesian coordinate system we 
get the required formula. □ 

To complete the proof of Theorem 5 perform an appropriate rotation around the 2:-axis to achieve 
a4 = in formula (4.2) and then the i-M-transformation z z — cs{x'^ + y'^) — dix — d2y — bs to achieve 
bs = cs = di = d2 = 0. □ 



Table 3 Biharmonic functions whose restrictions to each hne y = tx, t ^ I, are quadratic functions and corresponding 
Laguerre minimal surfaces (or a Legendre surface in case of r2) 



Biharmonic function 


Laguerre minimal surface 


{x'^ -\- y'^ — l)Arctan(?//x) 

{x^ + - 2)Arctan(?//x)/2V^ 

— xArctan(?//x) 

(x cos l9 + ^ sin l9)2(l - l/{x'^ ^ y'^))/2 
{xcosi9^ysmi^)^{l - 2 / {x^ ^ y^)) / 4V2 
a{x'^ + y'^) -\- bx -\- cy -\- d 


ri{u,v) 

T2{U,V) 

oriented sphere 



A Laguerre minimal surface enveloped by an elliptic family of cones is obtained from the surface (4.1) 
by transformation from Proposition 1. Let us give some typical examples obtained from graphs of the 
functions in the left column of Table 3; see also Figure 5. These examples are "building blocks" whose 
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convolutions form all the surfaces in question. We represent them in special parametric form r{u^ v)^ where 
the map r{u^ v) is the inverse of the composition of the Gaussian spherical map and the stereographic 
projection. This is convenient to get easy expressions for the convolution surfaces. The choice of building 
blocks is a question of taste; we choose them to get the simplest possible expressions for t{u,v). 

Example 1 The first building block is the well-known helicoid which is given implicitly hy x = —y tan(z/2). 
It can be parametrized via 



Yiiu^v) = \ u ^ ^, -T, ^ — zArctan — or as a ruled surface via 



Ri A) = ( 0, 0, —2(^ ) + A ( sin (/:), cos ) . 



(4.3) 



(4.4) 



Example 2 The next example is the cycloid r(t) = {t — sint, 1 — cost, 0)/2. One should think of a cycloid 
as a Legendre surface formed by all the contact elements (r, P) such that the plane P passes through 
the line tangent to the curve r{t) at the point r of the curve; see the definitions in §2.2. We use the 
parametrization: 

/ 1i uv 
Y2{u,v) = Arctan — — ^- — 

(4.5) 

The family of tangent lines to the cycloid can be parametrized via 
R2(^,A) = ((/:), 1, 0) + A(sin(/:), cos(/?, 0). 

(4.6) 

Example 3 The third building block is the Pliicker conoid z = y^ jix^ + Iii parametric form it can be 
written as: 



(4.7) 



R3(^, A) = (0, 0, cos2(/:) + 1 )/2 + A (sine/:?, cos(/:?, 0) . 

(4.8) 

The Pliicker conoid has the special property that it arises as an L-minimal ruled surface and at the same 
time as an i-Willmore surface carrying a 2-parametric family of i-M-circles. 

We shall now see that an arbitrary ruled L-minimal surface is up to isometry a convolution of these 
building blocks; see Figure 6 to the bottom. Denote by v^(u^v) = R^v{R~^ (u^v)\ where is the 
counterclockwise rotation through an angle d around the z-axis; in this formula the plane (u^ v) is identified 
with the plane z = 0. 

Theorem 6 (Classification of ruled L-minimal surfaces) A ruled Laguerre minimal surface is up 
to isometry a piece of the surface 

r{u,v) = airi{u,v) ^a2r2{u,v) ^asrl{u,v) 

(4.yj 

for some ai,a2,a3,6> G M such that af -\- ^ 0. Conversely, any immersed piece of the surface (4.9) is 
ruled and Laguerre minimal. 
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Fig. 5 Building blocks for L-minimal surfaces enveloped by an elliptic family of cones. Starting from the top left we show 
the surfaces ri, r2, ra, fs and fi in clockwise direction. Note that the cycloid r2 lies in a plane orthogonal to the z-axis. 
For details refer to Examples 1, 2, 3 and Section 2.2. 



Proof (of Theorem 6) Let us prove the direct implication. Let be a ruled L-minimal surface. By 
Corollary 3 it follows that ^ contains a family of line segments parallel to one plane. Choose a coordinate 
system so that the plane is Oxy. 

Consider the corresponding surface in the isotropic model. By Theorem 2 it follows that (a piece 
of) the surface is a graph of a function F biharmonic in a region U d M? . Since the surface ^ 
carries a family of lines parallel to the plane Oxy it follows that the surface carries a family of i- 
M-circles of the form (2.4) with ma = n^,. Thus the restriction of the function F to the intersection of 
the region U with each line y = tx^ where t runs through a segment J C M, is a quadratic function 
ms{t){x'^ -\- y'^ — 1) — mi{t)x — m2{t)y. 

By Proposition 7 it follows that formula (4.2) holds. In this formula ai + as = 6i + ci = 62+^2 = 
^3 + C3 = because the restriction of the function F to the lines y = tx has special form ms{t){x'^ + — 
1) - mi(t)x - m2(t)y. 

Let us simplify expression (4.2) by appropriate isometrics of (corresponding to i-M-transformations 
of the isotropic model; see Table 2). First perform an appropriate rotation of around the z-axis 
to achieve a4 = in formula (4.2) and appropriate translations along the x- and y-axes to achieve 
di = d2 = 0. Bringing to the diagonal form one gets Cix'^ -\- C2xy -\- c^y'^ = a {xsinO + ycosO)'^ -\-c (x^ + y'^) 
for some numbers a^O^c G R. Perform the translation by vector (0, 0, — c) along the 2:-axis. 

After all the above isometrics the function (7) becomes a linear combination in the first, third and 
fourth functions in the left column of Table 3. By Proposition 1 transformation (2.2) takes the functions 
in the left column of Table 3 to the surfaces in the right column. Since the expression in the right-hand 
side of the formula (2.2) is linear in F the direct implication in the theorem follows. We exclude the case 
ai = as = because it does not lead to an immersion. 
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Proposition 8 If -\- ^ then the surface (4.9) contains the family of lines 
R((/p, A) = aiRi((/9, A) + a2K2{^. A) + asR^Rsi^ - 6>, A), 

(4.10) 

where (f is the family parameter and A is the line parameter. 

Proof (of Proposition 8) Fix a number G M. Consider three parallel lines Ri ((/:?, A), R2 ((/:', A), and 
R^Yi^{ip — 6>,A). Then the line R((/:?, A) given by (4.10) is their convolution as Legendre surfaces (to a 
line L we assign the Legendre surface { (r, P) G : r G L,P D L}). Since the lines Ri ((/:), A) and 

R3 ((/:?, A) are contained in the surfaces ri(ii, v) and r^iu., v)^ respectively, and the line R2(^, A) is tangent 
to the curve r2(ii, v) it follows that the line ^{(p^ A) is contained in the convolution surface r{u^ v) unless 
ai = as = 0. □ 

Now complete the proof of Theorem 6 by checking its reciprocal implication. By Proposition 8 it 
follows that the surface (4.9) is ruled unless ai = as = (when neither piece of the surface is immersed). 
By Proposition 1, Theorem 2, and Table 3 it follows that any immersed piece of the surface (4.9) is 
L-minimal. □ 

Proof ( of Theorem 1 ) By Theorem 6 a ruled L-minimal surface can up to isometry be parametrized 
via (4.9) with ^ 0. By Proposition 8 the surface can also be parametrized via (4.10). It remains 

to notice that up to isometry formulas (4.10) and (1.2) define the same class of surfaces. □ 

An L-minimal surface enveloped by an elliptic family of cones can be obtained from Examples 1-3 by 
performing L-transformations and taking special convolution surfaces (in general convolution operation 
does not preserve the class of surfaces enveloped by a family of cones); see Figure 6 to the top. Recall 
that f (ii, 'u) is the surface obtained from a surface v{u^v) by the L-transformation A] see §2.2 for the 
definition. 

Corollary 4 (Classification for elliptic type) A Laguerre minimal surface enveloped by an elliptic 
family of cones is Laguerre equivalent to a piece of the surface 

r{u,v) = airi{u,v) ^a2r2{u,v) ^asrl{u,v) +a4fi(ix,v) ^a^rs{u,v) ^^^^^^ 

for some ai, a2, as, a4, as, 6>, 'i^ G M. Conversely, an immersed piece of surface (4.11) is Laguerre minimal 
and is enveloped by an elliptic family of cones. 

Proof ( of Corollary 4 ) Let us prove the direct implication. Let be a Laguerre minimal surface enveloped 
by an elliptic family of cones. Then the surface carries a family of i-M-circles such that the top view 
of the family is an elliptic pencil. By Theorem 5 it follows that the surface ^P* is i-M-equivalent to 
surface (4.1). 

The right-hand side of formula (4.1) is a linear combination in the expressions in the left column of 
Table 3. Performing an i-M-transformation z ^ z ^ a{x^ + y^) -^hx ^ cy ^ d one can eliminate the last 
expression from the linear combination. By Proposition 1 and Table 2 transformation ^ ^ takes the 
functions in the left column of Table 3 to the surfaces in the right column. Since the expression in the 
right-hand side of formula (2.2) is linear in F the direct implication follows. 

The converse implication follows from Propositions 1, 2, Theorem 2, and Table 3. □ 



Description of the families of cones. Let describe the families of cones which make up the L- 
minimal surfaces in question. We view a cone as a linear family of oriented spheres. If we map an oriented 
sphere with midpoint (mi,m2,m3) and signed radius R to the point (mi, m2, ma, i?) G M^, we get 
a correspondence between cones in and lines in R^. Surfaces enveloped by a family of cones can be 
regarded as ruled 2-surfaces in R^. Laguerre transformations of R^ correspond to Lorentz transformations 
of R^ under this mapping. This is known as the cyclographic model of Laguerre geometry; see [22] for 
more information. We will refer to a ruled 2-surface in R^ corresponding to a surface enveloped by a 
family of cones as a cyclographic preimage. 
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Fig. 6 (Top) A general L-minimal surface enveloped by an elliptic family of cones. For more information refer to Definition 2 
and Corollary 4. (Bottom) A general ruled L-minimal surface is a convolution surface of the surfaces ri, r2 and rs. The 
rulings are depicted in black. For more information refer to Theorem 6. 



Proposition 9 The cydographic preimage of the surface ti{u^v) can be parametrized as 
Ri((/9,A) = (0, 0, -3(/9, ^)/2V2 + A(sin(^, cos^, 0, 0). 

(4.12) 

The cydographic preimage of the surface ts{u,v) can be parametrized as 
R3((/9, A) = (O, 0, 3 cos^ (/p, — cos^ (p) /4a/2 + A (sin cos 0, 0) . 

Proof (of Proposition 9) Let us find the cydographic preimage of the surface yi{u^v). Consider the 
image of the surface in the isotropic model. By Table 3 the image has the equation z = {x^ ^y'^ — 
2)Arctan(?//x)/2V^. Thus for each (/p G M the surface contains the i-circle 

{z = -{x^ + y^ -2)^/2^, 
I = X sin + cos ip. 
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By formula (2.3) this i-circle is the image (in the isotropic model) of the limit of the sequence of the cones 
touching the two spheres with cyclographic coordinates (0, 0, — 3(/?, Lp) /2y/2 and A/'(sin(/?, cos(/?, 0, 0), 
where N ^ oo. Thus the cyclographic preimage of the surface ri{u^v) is given by the required for- 
mula (4.12). The cyclographic preimages of the surface ts{u^v) and all the other surfaces below are 
computed analogously. □ 

Theorem 7 The cyclographic preimage of a Laguerre minimal surface enveloped by an elliptic family of 
cones is up to Lorentz transformations a piece of the surface 

Il((p^ A) = ( A(p, B(p^ C(p + D cos 2(/?, E(p + F cos 2(p -\- G sm2(p) -\- X ( sin cos 0, ) 

(4.14) 

for some A, B, C, D, E,F,G e M. 

In other words, an L-minimal surface enveloped by an elliptic family of cones can be interpreted as a 
frequency 1 rotation of a line in a plane, plus a frequency 2 "harmonic oscillation" , and a constant-speed 
translation; this time in R^. 

Proof Notice that the cyclographic preimage of a ruled surface in is the surface itself, if R^ is identified 
with subspace = of R^. Analogously to the proof of Proposition 8 one can show that the cyclographic 
preimage of surface (4.11) can be parametrized via 

K{(p, A) = aiRi ((/:), A) + a2ll2{(p, A) + asR^Ils{(p - 6>, A) + a^Iliiip, A) + a^R^Ksiif - ^, A), 

(4.15) 

with the same ai, a2, as, a4, as, ^, 'i^ G R. By Examples 1-3 and Proposition 9 such a parametrization gives 
the same class of surfaces as the required parametrization (4.14). □ 



4.2 Hyperbolic families of cones 

Here we consider the second kind of L-minimal surfaces enveloped by a family of cones. 

Definition 3 A hyperbolic pencil of circles in the plane (or in a sphere) is the set of all the circles 
orthogonal to two fixed crossing circles. A 1-parametric family of cones (possibly degenerating to cylinders 
or lines) in space is hyperbolic if the Gaussian spherical images of the cones form a hyperbolic pencil of 
circles in the unit sphere. 

Theorem 8 Let be an i-Willmore surface carrying a family of i-M- circles. Suppose that the top view 
of the family is a hyperbolic pencil of circles. Then the surface is i-M- equivalent to a piece of the 
surface 

z = (ai{x^ + y'^) + a2X + a^) ln(x^ + y'^) + + {ciy + C2x){x'^ + y'^) 

^ +^ (4.16) 

for some ai, a2, as, 6i, 62, ci, C2 G R. 

Proof (of Theorem 8) Perform an i-M-transformation taking the hyperbolic pencil of circles in the top 
view into the pencil of concentric circles x^ ^ y^ = t, where t runs through a segment J C R. Denote 
by z = F{x,y) the surface obtained from the surface by the transformation, where F is a biharmonic 
function defined in a region U cM?. Since an i-M-transformation takes i-M-circles to i-M-circles it follows 
that the restriction of the function F to (an appropriate arc of) each circle x'^ -\-y'^ = where t G J, is a 
linear function. 

Without loss of generality assume that (0, 0) U. Consider the polar coordinates in U. Then F(r, (j)) = 
a{r) cos (j) + b{r) sin (j) + c(r). Thus 

r zA F — r Fj^j^j^j^ -\- 2r Fj^j^j^ r Fj-f -\- rFj- -\- 2r -^rr^^ 2r Fj-fpfp -\- 4^^^ -|- -^'0000 — 

= [r'^a'^'^'' + 2r3a(3) - Sr^a" + 3ra' - 3a) cos<j)+ 
+ (r^6(^) + 2r36(3) - Sr^ft" + 3r6' - 36) sin.?!.+ 
+ (rV4)+2rV3)-rV' + rc'). 
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Table 4 Biharmonic functions whose restrictions to each circle + = t, t G /, are hnear functions and corresponding 
Laguerre minimal surfaces 



Biharmonic function 


Laguerre minimal surface 


{x^ -^y^ - l)(ln(x^ + 


t) 


-2)/2-2 


r4(u,w) 


{x^ ^y^ - 2){\n{x^ + 




-2-ln2)/4V2- V2 


f4(w,w) 


xln(x^ + y'^) + x{x'^ - 




-1) 


r5(w,w) 


{x cos -\-ysm 0) (x^ - 




-2 + l/(a;2 + y2)) 




{x cos ^ ^ y sin ^) {x^ 




-4 + 4/(x2 + y2))/4 


f|(u,w) 


a(x^ + y'^) -\-bx -\- cy 


+ d 




oriented sphere 



Since Z\^F = it follows that the coefficients of this trigonometric polynomial vanish. Solving the obtained 
ordinary differential equations we get: 

a(r) = OL\r + 0^2^ In r + aa/r + ol/^t^\ 
b{r) = /3ir + /32rlnr + /33/r + /34r^; 
c(r) = 71 + 72r^ + 73 In r + 74r^ In r. 

One can achieve /32 = by an appropriate rotation of the coordinate system around the origin. One can 
also achieve o^i = /3i = 71 = 72 = by the i-M-transformation z z — 72 (^^ + — (^ix — f3iy — 
Returning to the cartesian coordinate system we get the required formula. □ 

An L-minimal surface enveloped by a hyperbolic family of cones is obtained from the surface (4.16) by 
"transformation" (2.2). Let us give some typical examples obtained from the graphs of the functions in 
the left column of Table 4; see also Figure 7. These examples are building blocks forming all the surfaces 
in question. 

Example 4 The ffist example is the catenoid. It can be parametrized as 



Its cyclographic preimage can be written as 

R4((/9, A) = ( 0, 0, -2(p, -2 ) + A ( 0, 0, cosh (p, sinh (p ) . 

Example 5 Another building block is given by the surface rs parametrized by: 

vs{u, v) = ( (n^ - v') (1 - - Hu^ + v% 2uv (^1 - , 4u 

Its cyclographic preimage is the surface parametrized by 

R5(^,A) = ( 1 - e"^^ + 2(/:), 0, 0, O) + A ( 0, 0, coship, sinhip) . 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



Example 6 Finally we have the surface re given implicitly by z^(l — x + z^/4) = y'^ . In parametric form 
it can be written as: 



2 / \ 2 



(4.21) 

Its cyclographic preimage can be written as 

B.Q{ip,\) = {2-2 cosh 2(/?, 0, 0, ) + A ( 0, 0, cosh ip, sinh ip ) . 

(4.22) 



21 




Fig. 7 Building blocks for L-minimal surfaces enveloped by a hyperbolic family of cones. Starting from the top left we 
show the surfaces r4, rs, tq, vq and f4 in clockwise direction. For details refer to Examples 4, 5, 6 and Section 2.2. 



An L-minimal surface enveloped by a hyperbolic family of cones can be obtained from Examples 4-6 
by performing L-transformations and taking special convolution surfaces; see Figure 1: 

Corollary 5 (Classification for hyperbolic type) A Laguerre minimal surface enveloped by a hyper- 
bolic family of cones is Laguerre equivalent to a piece of the surface 

t{u, v) = aiT4{u, v) + a2r^{u, v) + a3rg(^x, v) + a4T4{u, v) + asfg (^i, v) 23) 

for some ai, a2, as, a4, as, ^, 'i^ G M. Conversely, an immersed piece of surface (4.23) is Laguerre minimal 
and is enveloped by a hyperbolic family of cones. 

Proof (of Corollary 5) Let us prove the direct implication. Let ^ be an L-minimal surface enveloped by 
a hyperbolic family of cones. Then the surface carries a family of i-M-circles such that the top view 
of the family is a hyperbolic pencil. By Theorem 8 it follows that the surface ^P* is i-M-equivalent to 
surface (4.16). 

The right-hand side of formula (4.16) is a linear combination in the expressions in the left column 
of Table 4. Performing an i-M-transformation z ^ z ^ a{x^ + ^^) ^ hx ^ cy ^ d one can eliminate the 
last expression from the linear combination. By Proposition 1 and Table 2 transformation (2.2) takes the 
functions in the left column of Table 4 to the surfaces in the right column. Since the transformation (2.2) 
is linear in F the direct implication follows. 

The converse implication follows from Propositions 1, 2, Theorem 2, and Table 4. □ 



There is a simple parametrization of the cyclographic preimage (the proof is analogous to the proof 
of Theorem 7) . 
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Theorem 9 The cyclographic preimage of a Laguerre minimal surface enveloped by a hyperbolic family 
of cones is up to Lorentz transformations a piece of the surface 

Il{(p^ A) = ( A(p + B cosh 2(p, C(p + D cosh 2(p -\- E sinh 2(p, F(p, G(p ) + A ( 0, 0, cosh sinh cp ) 

(4.24) 

for some A, B, C, D, E,F,G e M. 



4.3 Parabohc famihes of cones 

Definition 4 A parabolic pencil of circles in the plane (or in a sphere) is the set of all the circles touching 
a fixed circle at a fixed point. A 1-parametric family of cones (possibly degenerating to cylinders or lines) 
in space is parabolic if the Gaussian spherical images of the cones form a parabolic pencil of circles in the 
unit sphere. 

Theorem 10 Let be an i-Willmore surface carrying a family of i-M- circles. Suppose that the top view 
of the family is a parabolic pencil of circles. Then the surface is i-M- equivalent to a piece of the surface 

z = ai{5y'^ - x^)x^ + ^2(3^^ - x^)x^ + ipiy'^ + h2xy + h^x^)x + c^y'^ + C2xy 25) 
for some ai, a2, 61, 62, 63, ci, C2 G M. 

Proof (of Theorem 10) Perform an i-M-transformation taking the parabolic pencil of circles in the top 
view into the pencil of parallel lines x = t^ where t runs through a segment J C M. Denote hy z = F(x, y) 
the surface obtained from the surface by the transformation, where F is a biharmonic function defined 
in a region U C M?. Since an i-M-transformation takes i-M-circles to i-M-circles it follows that the 
restriction of the function F to (an appropriate segment of) each line x = t^ where t G J, is a quadratic 
function. 

So F{x, y) = a{x)y'^ + h{x)y + c{x). Thus A^F = a^^^y'^ + h^^^y + c^^^ + 4a''. Since A^F = it follows 
that the coefficients of this polynomial in y vanish. Hence 

a{x) = ao + o^ix + a2X^ + a^x^] 

b{x) = /3o + f3ix + (32X^ + (3sx^; 

c{x) =70+ Jix + 72X^ + 732:^ - a2X^/3 - asx^/5. 

One can achieve /3o = 70 = 7i = 72 = by the i-M-transformation z z — 72 (^^ + y^) ~ 7i^ ~ PoV — 7o- 
We get the required formula. □ 



Table 5 Biharmonic functions whose restrictions to each hne x = t, t ^ I, are quadratic functions and corresponding 
Laguerre minimal surfaces 



Biharmonic function 


Laguerre minimal surface 


{x cos 6 + ysm0)'^/2 


r?(ix, v) 






x'^y 




xy'^ 


7r/2/ N 


x\x^-3y^)/2 




x^{x'^ - by'^) 




a(x^ y'^) ^ bx ^ cy ^ d 


oriented sphere 



An L-minimal surface enveloped by a parabolic family of cones is obtained from the surface (4.25) by 
transformation (2.2). Let us give some typical examples obtained from the graphs of the functions in the 
left column of Table 5; see also Figure 8. These examples are building blocks forming all the surfaces in 
question. 
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Fig. 8 Building blocks for L-minimal surfaces enveloped by a parabolic family of cones. Starting from the top left we show 
the surfaces rr, rg, rn, rio and rg in clockwise direction. For details refer to Examples 7-11. 



Example 7 The first example is the parabolic horn cyclide [y'^ -\- z'^) {1 — z) = x^z. In parametric form it 
can be written as: 

vj{u, v) = I o ( -u - uv^, u'v, ) . 

^^"^ (4.26) 

Its cyclographic preimage can be parametrized as 
Rt((/^,A) = (0, 0, -(^^ (/^')/2 + A(l, 0, -(^, ^) 

(4.27) 

The surface yj has the following property: there is a 2-parametric family of cones touching the cyclide 
along certain curves. In particular, there are both parabolic and elliptic 1-parametric families of cones 
touching the surface along curves. One of the elliptic families of cones can be parametrized as 

(O, 0, cos^ cos^ Lp)/2 + A(sin(/?, cos(/?, 0, 0) 

(4.28) 

Example 8 The next building block is given by the algebraic surface of degree 6 with implicit equation 

(x^ + + z'^)z^ - 2(8^2 + + 9z^)xz^ - 27(2/^ + z'^f = 0. 
In parametric form it can be written as: 

l+u^+v^' (4.29) 
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Its cyclographic preimage can be parametrized as 
Ksi^.X) = (0, 0, -(^^ (/p') + A(l, 0, -(^, (^) 

Example 9 Another example is the algebraic surface of degree 8, given implicitly by: 

z'^iy^ + z'^) (z^ - 4?/ - 4)^ + {My^ - 24{y - 3)yz'^ - 6{y + 6)z^ + z^) - 27x^z^ = 0. 
In parametric form: 

tq(u, v) = 1 ^ ( 2uv(u^ -v^ - 1), u^(3v^ -u^ -1), 4u^v ) . 

Its cyclographic preimage can be parametrized as 
R9((^,A) = (0, V, 0, 0)+A(l, 0, -(^, (^) 



(4.30) 



(4.31) 



(4.32) 



This surface has the following property: there are two 1-parametric families of cones touching the surface 
along certain curves. The other family can be parametrized as 

(0, 0, (^ + (^^ (^-(^^) +A(0, 1, (^). 

(4.33) 

Finally, we have the following two "monsters". We do not write their implicit equations because this 
would take several pages. 

Example 10 First the algebraic surface of degree not greater than 14 described by 



rio(^i, v) = ^ ^ , , , 3u^v(l + 2u^ - 2v^) 

1 + ^ +^ \ 3^.^(^i^-3^^) 



Its cyclographic preimage can be parametrized as 

Rio(<P,A) = (0, 0, -3</?2 _4^4^ -3(^2^ V)/2 + A(l, 0, -<^, ^) . 



(4.34) 



(4.35) 



Example 11 The second monster is the algebraic surface of degree not greater than 18 with parametriza- 
tion 

vi^{u,v) = - ^ ^ 2^/^^(5 + 9^/2-15^^) 

^ V y , ^^^^^^ 

Its cyclographic preimage can be parametrized as 

Rn((/;,A) = (0,0, -5(p^-6(^^ -5(/;^ + 6(^^ ) + A (1, 0, -(/p, (/^). 

(4.37) 

An L-minimal surface enveloped by a parabolic family of cones can be obtained from Examples 7-11 
by performing rotations and taking special convolution surfaces; see Figure 9: 

Corollary 6 (Classification for parabolic type) A Laguerre minimal surface enveloped by a parabolic 
family of cones is Laguerre equivalent to a piece of the surface 

t{u, v) = aiT^^{u, v) + a2rs{u, v) + a3Tg{u, v) + a^Vg^'^iu, v) + a^vioiu, v) + a6Tii{u, v) ^^^^ 

for some ai,a2,as,a4,a^^aQ,6 G M. Conversely, an immersed piece of surface (4.38) is Laguerre minimal 
and is enveloped by a parabolic family of cones. 
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Proof (of Corollary 6) Let us prove the direct implication. Let ^ be an L-minimal surface enveloped by 
a parabolic family of cones. Then the surface carries a family of i-M-circles such that the top view 
of the family is a parabolic pencil. By Theorem 10 it follows that the surface is i-M-equivalent to 
surface (4.25). 

Right-hand side of formula (4.25) is a linear combination in the expressions in the left column of 
Table 5. Performing an i-M-transformation z z ^ a{x^ + ^^) ^hx ^ cy ^ d one can eliminate the last 
expression from the linear combination. By Propositions 1 and Table 2 transformation (2.2) takes the 
functions in the left column of Table 5 to the surfaces in the right column. Since the transformation (2.2) 
is linear in F the direct implication follows. 

The converse implication follows from Propositions 1, 2, Theorem 2, and Table 5. □ 

Finally we describe the cyclographic preimage (the proof is analogous to the proof of Theorem 7). 

Theorem 11 The cyclographic preimage of a Laguerre minimal surface enveloped by a parabolic family 
of cones is up to Lorentz transformations a piece of the surface 



R((/9,A) 



/ 







for some A, B, C, D, E,F,G e 





( ' \ 


+ A 









/ 


V ^ / 



(4.39) 
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4.4 Open problems 

Conjecture 1 A surface such that there is a 2-parametric family of cones of revolution touching the surface 
along certain curves distinct from directrices is either a sphere or a parabolic cyclide. 

Problem 1 Describe all surfaces such that there are two 1-parametric families of cones of revolution 
touching the surface along curves. 

Problem 2 Describe all Willmore surfaces such that there is a 1-parametric family of circles lying in 
the surface. 
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